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ABSTRACT 

We derive leading terms in the expansion of ratios of the form B n +~ (nB)/Bn(nfl) 
for large n, where B n (x) is any one of the Bessel functions J n (x), Yn(x), Hn(x), 
In(x) and Kn(x). 

In a recent investigation of  the effects of  gradients in gel permeation chromatog- 

raphy I-1], we required the value of limn_. ~ I.+~(nfl)/I.(nfl) where Ira(x) is the 

Bessel function of order m of imaginary argument. An investigation of  relevant 

literature showed that although results of the form lim.~ o~ B. + ~ (nil)/B.(nfl), where 

B,.(x) is any one the Bessel functions J.,(x), Y~(x), H..(x), Ir.(X), and K,.(x), 

were implicit in the work of  earlier investigators, they have not been given ex- 

plicitly except for the cases 1.+1 (nil)/I.(nfl) derived by Montroll [2]. Accord- 

ingly it is the purpose of  this note to give the first two terms in the asymptotic 

expansion of these Bessel function ratios. 

To begin with, we note the existence of asymptotic series for large v, of which 

the following, due to Debye [3], is typical: 

(1) Jv(v sech 2) ,,~ (2nv tanh 2) -~e v(tanh;'-a) ~ ur(cot h ;t)v- r 
r = O  

where the Uk(t) are polynomials generated from 

(2) j.Uo(t) = 1 

[u,+l(t)  = �89 t~(1 - tO u;(t) + g-  (1 - 5~')u,(~) d~, r __> 0. 

In order to generate the value of Jn+~(nfl)/J,(nfl) for large fl from Eq. (1) we set 

v = n + e, and sech 2 = nfl/(n + ~) in the numerator and v = n, sech ,~ = fl in the 
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denominator. It is then straightforward but tedious to verify that for fl < 1, we 

have 

(3) 

(1 ),[, (+)] "J,+,(nfl) /J,(nfl)l  = - - - + 0  - 

+ x/1 ~ 2(1 - f12) n 

Y.+.(n/3)/Y.(n/3) = ( . 1 + x / 1 - / 3 = f [ / 3  . 1 - 1 - a x / 1 - / 3 z  = 2 ( 1 _ f l 2 ,  --+On ( -~g ) ]  

H.+.(n/3) /H.(n/3)  . . . .  ( . v - - -aT , /3  ~ [ 1  1+2(1=41-/32_/32) =n + 0  ( @ ) ]  
1 + ~ / l - p -  

In all of these formulae it is assumed that n(1 - / 3  2) > 1. When/3 = 1, we can use 

expansions first given by Meissels [4], to prove the results 

(= 3 
r' j ,+,(n) /J , (n)  = 1 - aru + 

(4) Y , + , ( n ) / Y , ( n )  = 1 + = r u  + 18 

(=3 
H,+=(n) /H . (n )  = 1 - o~=ru + ]-8 

in which we have used the notation 

=) r 2 
45 ua + ~ ( =  - a4)u* + O(u6) 

O{ ) r 2 
45 ua - -~(= - c~4)u4 + O(u6) 

r 

O{ ~ (Dr . 2 
45,] ua + -~--- (a - =4)u4 + O(u 6) 

(5) r = r (2/3) / r (1/3) ,  u = (6 /n )  1/a , oa = � 8 9  1 + i x / ~  . 

When/3 > 1, the ratios for J and Y do not have limiting values, but the ratio for 

the H functions does, and the result can be expressed as 

( ;[ (6) H.+, (n /3) /H. (n f l )  = fl . 1 + l + = ~ / f 1 2 - 1  ~_ + 0 . 
1 + ix/~3 2 - 1 2(/3 2 - 1) n 

The Bessel functions of imaginary argument can be handled in the same way 

and with no restriction on the value of/3 we have 

( ,  ;[1 (7a) I ,+ , (n#) / I , (n /3 )  = 1 + ~ / ~ - ~ ] '  2(1 +/32) n 

( 7 b ) K , + , ( n f l ) / K , ( n f l ) =  ( 1 +  x/fl2 + 1 . ) ~ [ l f l  
2(1 + f12) n 
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The result in Eq. (7a) agrees with that given earlier by Montroll [2] for ~ = __. 1. 

Further results along these lines can be derived for other types of  Bessel functions 

by the same means. 
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